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Abstract 
A pair of twin Steiner triple systems of order v is two STS(v)'s each of which contains 
precisely one Pasch configuration which when switched produces the other system. If in addition 
the twin systems are isomorphic we have 'identical twins'. We construct infinite linear classes 
of twin STS(v)s and identical twin SYS(v)s for v = 21,27 and 33. 
I. Introduction 
Given a t - (v,k,  ;~) design, a collection of  blocks which can be removed and replaced 
by a different collection of blocks containing precisely the same t-element subsets to 
the same multiplicities is said to be a trade. As an example, if  a design contains a 
non-trivial sub-design then removing the sub-design and replacing it by a disjoint sub- 
design would constitute such a trade. However, sub-designs are not the only trades. For 
a Steiner triple system (t = 2,k = 3, 2 = 1 ), the cycle structure also gives rise to trades. 
For each pair {a,b} C V, the base set of the Steiner triple system STS(v), a graph Gab 
can be defined as follows. The vertices of Gob are V\{a,b,c} where {a,b,c} is a block. 
{x,y} is an edge if either {a,x,y} or {b,x,y} are also blocks. Clearly, Gab is a union 
of disjoint cycles. A trade can be effected by selecting one of the components and for 
each edge {x, y} resulting from a block {a,x, y}, replacing this block in the STS(v) by 
{b,x, y} and conversely. If  the component is a cycle of length n this operation is called 
an n-cycle switch. When n=4, the minimum possible value, the blocks in the STS(v) are 
isomorphic to the collection { a,x, y }, { a,z, w }, { b,x, w }, { b,z, y} the well-known Pasch 
configuration or quadrilateral, and the trade is to replace each block by its complement 
with respect to the six points involved, i.e. {b,z,w}, {b,x,y}, {a,z,y}, {a,x, w}. We 
will refer to this latter collection as the opposite Pasch configuration or opposite 
quadrilateral and the operation as a Pasch switch. 
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A natural and perhaps the most obvious question to ask concerning trades is what 
are the equivalence classes obtained? For a given parameter set t, v, k, )~ the underlying 
set may be taken to be either the collection of all pairwise non-isomorphic designs 
or alternatively the collection of all realisations of that design on a fixed base set V. 
To our mind the former is the more interesting. With regard to Pasch switching in 
Steiner triple systems, it is well known that switching any quadrilateral in the cyclic 
STS(13) will result in the non-cyclic STS(13). Gibbons [3] studied the situation when 
v=15 and showed that 79 of the 80 pairwise non-isomorphic STS(15)s form a single 
equivalence class. The remaining system is anti-Pasch, i.e. contains no quadrilaterals. 
Recently the present authors [5] have extended Gibbons' work to the switching of other 
n-cycles both on the class of all pairwise non-isomorphic STS(v) and also the class of 
all realisations for v=7,9,13 and 15. Some of the results are unexpected! 
In this paper we will be solely concerned with Pasch switching on the class of all 
pairwise non-isomorphic anti-Pasch STS(v), for fixed v. The situation for v=7 and 13 
(the unique STS(9) is anti-Pasch) and Gibbons' result for v=15 naturally raises the 
question of whether all such systems form one equivalence class for larger values of v. 
The answer is an emphatic 'No' as was shown in [4]. The method used in that paper 
was to construct complete equivalence classes containing only a very small number 
of, in practice precisely two, systems. We make the following formal definition: a pair 
of twin Steiner triple systems of order v is two STS(v)'s, each of which contains 
precisely one Pasch configuration which when switched produces the other system. 
Twin Steiner triple systems were exhibited for v=19, 21, 25, 27 and 31, and on 
the basis of this admittedly rather flimsy but nevertheless compelling evidence we 
conjectured that twin STS(v) exist for all admissible v>~ 19. We believe that this result 
is likely to be quite difficult to prove if only because the spectrum of anti-Pasch 
STS(v) is not yet determined and our empirical evidence suggests that twin systems 
are somewhat rarer even than anti-Pasch. However, we do present in this paper, a 
general construction which gives infinite linear classes of twin STS(v)'s. It is also an 
aim to develop the theory of these systems further and, in response to a question we 
have been asked, to introduce another class of systems which are very appropriately 
called 'identical twins'. 
2. Twins 
Stinson and Wei [12] proved 
Theorem 1. I f  there ex&t STS(u) and STS(v) which are anti-Pasch then there exists 
an anti-Pasch STS(uv). 
This is the standard product construction applied to two anti-Pasch Steiner triple 
systems. It is then shown that no quadrilaterals are introduced into the product system. 
Based on the same technique we are able to prove 
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Theorem 2. I f  there exist an anti-Pasch STS(u), a pair of twin STS(u)s and an 
anti-Pasch STS(v) then there exists a pair of twin STS(uv)s. 
Proof. Let the anti-Pasch STS(u) and STS(v) be constructed on base sets U and V 
and denote the blocks by Bu and B~, respectively. Let the pair of twin STS(u)s also 
be defined on U and denote the blocks by B U Q for one of the systems and B U Q 
for the other, where Q and Q are the blocks of the Pasch configuration and opposite 
Pasch configuration in the two systems, respectively. 
Firstly, use the standard product construction to obtain an (anti-Pasch) STS(uv) on 
base set U × V having the following blocks: 
{(X, UI),(X, F2),(X, U3)}, X E U,{F1,F2,[3} C By, 
{(ul,y),(u2,y),(u3,y)}, {Ul,U2,U3} E Bu, y C V, 
{(Ul,F 1),(t,/2,U2),(u3,123)}, {Ul,b/2,bt3} E Bu,{1)l,1)2, v3 } E By. 
Now choose a fixed element, say z E V. 
Remove all blocks {(ul,z),(u2,z),(u3,z)} in the product system and replace them 
by blocks {(wl,z),(w2,z),(w3,z)}, where {wl,w2,w3} E BUQ. This is in effect a trade 
of an anti-Pasch subsystem by one of a pair of twin subsystems. We claim that the 
new product system so formed is also one of a pair of twins, the other being obtained 
by removing the same blocks and replacing them by blocks {(wl,z),(w2,z),(w3,z)} 
where {wl,w2,w3} C B U Q. 
To prove our claim it is necessary (and sufficient) to show that apart from the 
quadrilaterals (Q,z) and (Q,z), which are clearly opposite, no further quadrilaterals 
have been introduced into either system. This is completely straightforward though a 
little tedious, and can be proved using the same approach as in [12]. The details are 
left to the reader. 
Since anti-Pasch STS(v)s are known to exist for all v = 6s + 3 [1], as well as for 
v = 19,25 and 31, [9, 6,2] respectively, with the twin systems constructed in [4] we 
immediately have the following: 
Corollary 2.1. There exists a pair of twin STS(w)sfor w = 3u(2s+ 1), u = 19, 21,25, 
27,31 and s>~O. 
In arithmetic set~:lensity terms, this solves the problem of the existence of twin 
STS(v)s with v = 3 (mod6) in greater than 0.19 of cases. The evidence that our con- 
jecture that such systems exist for all admissible v>~ 19 is strengthened. The existence 
of a pair of twin STS(33)s would increase this figure to greater than 0.21 and so that 
we can present our result as a convenient fraction, a pair of twin STS(33)s is given 
in the appendix. We can thus state 
Corollary 2.2. The arithmetic density of the set of orders v for which there exists a 
pair of" twin STS(v)s in the set of all admissible orders is at least 1/10. 
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The next result concems the automorphism groups of a pair of twin STS(v)s. 
Theorem 3. Each twin of a pair of twin STS(v)s has the same automorph&m 9roup. 
Proof. The pair of twin STS(v)s can be denoted, respectively, by the ordered pairs 
(V, B U Q) and (V, B U Q) where V is the base set, B is the collection of blocks which 
they have in common, Q is the quadrilateral in the first system consisting of blocks 
ql,q2,q3,q4 (say), and Q is the opposite quadrilateral in the second system consisting 
of the complementary blocks ql, q2, q3, q4. 
Now if f is an automorphism of the system (V,B U Q) then f (B  U Q)=B U Q. 
Then f (B )=B and f (Q)=Q because Q is the unique Pasch configuration in the 
system. Thus, f (Q)=Q since if f (qi)=qj  then f(~i)=~j. It follows that f is also 
an automorphism of the system (V,B U Q) and as the same argument can also be 
applied in reverse the theorem is proved. [] 
3. Identical twins 
Of course, the obvious question raised by Theorem 3 is whether it is really a triviality 
since pairs of twin Steiner triple systems are themselves i omorphic? Again we can 
state that the answer to this question is 'No'. All of the pairs of twins given in [4] were 
checked and shown to be pairwise non-isomorphic as are the pair of twin STS(33)s 
given in the appendix. 
In general, a pair of twin Steiner triple systems are not isomorphic. However, is 
it possible for them ever to be isomorphic? We define a pair of isomorphic twin 
STS(v)s to be a pair of identical twins. Existence of pairs of identical twins would 
answer in the affirmative the following question which was once asked to us by Alex 
Rosa. Since the STS(7) is unique to within isomorphism, every Pasch switch must 
result in an isomorphic opy of the original system. Do any other systems exist having 
this same property? There certainly exist STS(v)s in which some but not all Pasch 
switches result in an isomorphic system. Also, following the standard numbering [8] 
both the STS(15), ~1(----PG(3,2)) and STS(15),~37 which otherwise seems to be a 
fairly mundane system, have the property that all Pasch switches result in the same 
system, #2 and ~42, respectively. See [5] for details. But no other system is known 
which has the same property as the STS(7). Answering the question with systems 
which contain only the one quadrilateral may of course be regarded as not really 
within the spirit of the question. Nevertheless, they do provide a bona fide answer and 
are themselves not exactly trivial to construct. We think too that they are interesting in 
their own right and of course suggest hat possibly Steiner triple systems having both 
more quadrilaterals and also a more intricate quadrilateral structure, but with the same 
property as the STS(7), do exist. 
We firstly describe some basic theory of our method of constructing a pair of iden- 
tical twin STS(v)s. Let the quadrilateral Q in the first system be {a,b,c},{a,b',c'}, 
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{a', b, c' }, {a', b', c}. As the twins are identical, every isomorphism from the first system 
to the second must map Q to its opposite quadrilateral Q. This can easily be achieved 
by the permutation P = (a d)(b b~)(c c') forming part of the isomorphism. Each of 
the pairs {a, a'}, {b, b'}, {c, c'} are thus stabilized and so must occur in blocks with 
a fixed point of the isomorphism. Moreover, each pair must occur with a different 
fixed point, otherwise a further Pasch configuration will be introduced. Hence, both 
twin systems must contain blocks {x,a, a l},{y,b,b'},{z,c,c '} and the permutation P 
extends to P = (x)(y)(z)(a d)(b b')(c c'). It now seems sensible for {x,y,z} also to 
be a block of both twin systems and the assumed isomorphism to be an extension of 
the permutation P with a further (v - 7)/2 2-cycles. 
For v = 19, the first value of v for which a pair of identical twin STS(v)s may be 
possible, the details are as follows. Let the isomorphism I = (1)(2)(3)(4 12)(5 13) 
(6 14)-. .(10 18)(11 19). Let Q consist of blocks {4,5,6},{4,13,14},{5,12,14}, 
{6, 12, 13}, then Q will consist of blocks { 12, 13, 14}, {5, 6, 12}, {4, 6, 13}, {4, 5, 14}. 
Further let {1,4, 12}, {2, 5, 13}, {3,6, 14}, {1,2, 3} be blocks of both twin systems. Now 
each of the pairs {7, 15}, {8, 16}, {9, 17}, { 10, 18}, { 11, 19} must occur in blocks with 
a fixed point 1,2 or 3. Denoting these blocks by {xn, n + 6, n + 14}, 1 ~<n~<5, then 
wlog it is easy to see that (xl,x2,x3,x4,xs) must equal one of (1,1,1,1,1), (1,1,1,1,2), 
(1,1,1,2,2), (1,1,1,2,3), (1,1,2,2,3). However, by pursuing each of these possibilities in 
turn it quickly becomes clear that either no system can be constructed or a quadrilateral 
is introduced. It is very simple for the reader to verify the details. 
Unfortunately therefore, this method is unsuccessful for v --- 19 but for v = 21 we 
are lucky. Let the isomorphism/= (1)(2)(3)(4 13)(5 14) (6 15)...(11 20)(12 21). 
Let Q consist of blocks {4, 5, 6}, {4, 14, 15}, {5, 13, 15}, {6, 13, 14}, then Q will consist 
of blocks {13,14,15},{5,6,13},{4,6,14},{4,5,15}. Further let {l,4,13},{2,5,14}, 
{3,6,15},{1,2,3} be blocks of both twin systems. It is then possible to choose 
{1,7, 16},{1,8, 17}, {2,9, 18}, {2, 10, 19}, {3, 11,20},{3, 12,21} as further blocks with- 
out either making it impossible for a Steiner triple system to be completed or intro- 
ducing a Pasch configuration. We thus have 14 blocks, including the quadrilateral in 
each twin system and all blocks fixed by the isomorphism, of the 70 blocks required 
for an STS(21 ). So we need a further 28 pairs of blocks invariant under 1 to complete 
the system. 
The method of constructing these further blocks was by hill-climbing. It has already 
been shown that the standard hill-climbing algorithm for the construction of Steiner 
triple systems, as described in [10] and used, for example, in [11], can be modified 
to produce anti-Pasch STS(v)'s [7], and further modified to produce pairs of twins 
[4]. For the present application yet more modifications are introduced. At each stage 
of the algorithm a block B and its image I(B) under the isomorphism are produced, 
each of which contains two pairs not already covered by the partial system so far 
constructed. If the third pair in each triple is also absent, both B and I(B) are adjoined 
to the partial system provided that no quadrilaterals are introduced. If the third pair in 
each triple is present in the partial system, then the blocks containing these pairs are 
replaced by the blocks B and I(B), again providing that no quadrilaterals are introduced. 
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However, at every stage the original 14 blocks are inviolate. Also if either addition 
of, or replacement by, B and I(B) would introduce a Pasch configuration, then both 
blocks are rejected and a further block and its image generated. In short, the standard 
hill-climbing algorithm is applied starting from a fixed base consisting of 14 blocks 
and proceeding by addition or replacement of pairs of blocks under a permutation of 
order 2, always ensuring that no further quadrilaterals are introduced. Of course this 
procedure means that on many occasions, indeed the vast majority, the algorithm gets 
'stuck'. For example, in 1000 attempts to construct a pair of identical twin STS(21)s, 
994 ended in failure but the other 6 produced the required outcome. 
Results are given in the Appendix. The six pairs of identical twin STS(21)s con- 
structed as described in the previous paragraph are actually isomorphic to one another. 
An independently written program by one of the three authors also produced only this 
same pair of systems. We think that this is a strong evidence that this is the unique, 
to within isomorphism, pair of identical twin STS(21)s which can be constructed by 
this method. There may be some hope of proving this analytically. However, it would 
appear to be tedious in the extreme to examine all possible ways of continuing the 
method by hand, all but one of which will result in failure. Nevertheless, ome insight 
might be gained into a more general explicit construction method. The method was also 
successful in producing five pairwise non-isomorphic pairs of identical twin STS(27)s 
and three pairwise non-isomorphic pairs of identical twin STS(33)s, and these too are 
given in the appendix. However, the method was unsuccessful in producing pairs of 
identical twin STS(25)s or STS(31)s! Clearly, there is much further exploration to be 
done in this area. 
Finally we should add that in the recursive construction described in Theorem 2, if 
a pair of identical twin STS(u)s are used instead of a pair of twin STS(u)s then only 
a pair of twin STS(uv)s is obtained. They are not identical twin STS(uv)s. 
Appendix A 
A.1. Non-identical twin STS(v)s 
Three pairs of non-identical twin STS(33)s are given below on the base set V = 
{n: 1~<n~<33, nEZ}.  For each pair, only one of the pair is listed, the other being 
obtained by replacing the quadrilateral {1,2,3}, {1,5,6}, {2,4,6}, {3,4,5} by its 
opposite. 
STS(33)~1 
1, 2, 3 1, 5, 6 2, 4, 6 3, 4, 5 6,25,30 5,26,27 1, 9,31 
2,19,31 2,20,29 6,18,20 2,11,30 5,11,14 16,17,31 1,20,21 
5,23,29 2,13,27 8,18,23 11,16,21 1,10,24 2,23,33 9,14,27 
5, 7,13 3,30,32 14,30,33 16,24,33 3,15,27 11,12,22 8,24,30 
12, 18,26 1,18,19 6, 16,29 6, 8, 19 1, 7,28 4,24,27 7, 12,32 
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3, 6, 7 1,15,16 3, 10,22 6, 10,33 1,13,14 6, 13, 15 14, 17, 18 
2,15,18 9,16,19 2,16,26 19,23,28 2,21,32 19,25,27 2, 5,24 
2, 8,25 7,17,24 19,20,22 7,19,29 4,19,30 4,13,31 8,20,27 
1,12,23 2, 7,14 7,26,30 11,15,23 5,16,20 7,16,23 10,17,19 
10,16,30 9,10,23 13,23,30 16,22,28 6,14,22 2,10,12 6,11,24 
6,12,31 6, 9,26 7,10,27 1,17,26 13,17,33 5,18,33 18,22,27 
23,27,31 5, 8,31 1,22,30 5,12,30 20,25,26 5,17,22 5,19,21 
5,10,32 15,26,29 15,19,32 3,20,33 10,20,28 5,15,28 4, 7,25 
7,21,22 15, 17,25 14,20,23 10,26,31 6,23,32 22,23,26 8, 14,26 
4,10,15 8,15,22 21,23,25 12,15,21 2,17,28 8,10,13 10,14,21 
4,14,16 14,15,24 14,25,29 22,25,31 6,17,21 3,14,19 2, 9,22 
16,27,32 4,12,20 12,25,23 12,27,29 3,11,26 6,27,28 7, 8,11 
1, 4,11 1,27,33 26,28,33 1, 8,29 4,17,23 4,22,33 22,24,32 
8, 12, 16 3,23,24 9, 12, 17 12, 14,28 13, 19,26 4,26,32 12, 19,24 
21,24,26 4, 18,21 4, 8, 9 3, 8, 17 8,21,28 9, 13,21 17,29,32 
4,28,29 13,22,29 5, 9,25 11,13,25 1,25,32 10,18,25 3,16,25 
24,25,28 3,12,13 13,28,32 13,16,18 13,20,24 8,32,33 11,18,32 
15,31,33 7,15,20 14,31,32 11,19,33 7, 9,33 7,18,31 9,18,24 
9,15,30 10,11,29 21,29,33 21,27,30 11,17,27 17,20,30 24,29,31 
9,20,32 11,20,31 9,11,28 3,21,31 3, 9,29 3,18,28 18,29,30 
28,30,31 
STS(33)~2 
1, 2, 3 1, 5, 6 2, 4, 6 3, 4, 5 19,26,27 3,21,26 1,26,29 
6,11,29 5,11,12 4,10,33 5,27,32 26,28,30 4,13,29 23,26,31 
12,24,26 14,18,24 6,14,26 4, 8,14 6,25,30 12,21,25 19,24,30 
1, 7,17 4,16,24 1,11,25 5,24,25 7,24,32 7,16,25 14,25,32 
1,14,15 1,24,33 6, 12,32 8, 9, 12 1,12,13 14,21,33 10,22,32 
1,23,32 20,30,32 1,10,30 1,20,21 5,10,16 1, 8,16 18,28,32 
9,18,21 13,19,21 13,23,30 3,12,19 2,16,30 6,15,21 19,31,32 
21,29,31 14,22,30 2,29,33 5,21,30 8,21,22 8,29,32 10,12,29 
12,14,23 2, 7,12 7, 9,14 2,13,14 2, 9,32 2, 8,24 1,22,31 
2,25,31 18,22,25 13,25,33 2,18,19 15,25,28 2,11,28 2,15,22 
15, 19,20 7, 13,28 5, 15,23 5,20,22 23,27,33 12,27,28 16, 19,22 
5,19,29 9,11,19 9,15,29 4,15,32 9,30,31 12,17,22 12,15,33 
4,12,30 7,30,33 8,11,33 27,29,30 16,28,29 8,19,25 1, 4,19 
3, 8,23 20,24,29 7,22,29 4,21,28 1, 9,28 10,11,15 3,13,32 
11,21,32 15,16,27 11,22,26 11,23,24 4,22,27 2,17,23 9,25,27 
1,18,27 11,14,27 4, 7,31 11,18,30 4,11,20 3, 7,11 3,14,16 
2,10,20 6,22,33 9,22,23 16,21,23 11,16,31 6,16,20 6, 7,19 
6,10,23 14,20,28 10,14,19 19,23,28 17,19,33 5,28,33 3,22,28 
3,17,30 11,13,17 8,28,31 10,24,28 7,10,21 2,21,27 3,15,24 
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17,21,24 13,22,24 24,27,31 6, 8,18 6, 9,24 7,20,23 7, 8,27 
2, 5,26 7,15,26 12,20,31 3,31,33 3, 6,27 6,17,28 6,13,31 
5,14,31 10,13,27 8,15,30 5, 7,18 15,17,31 13,15,18 5, 9,13 
8,13,20 3, 9,10 23,25,29 5, 8,17 8,10,26 10,18,31 14,17,29 
3,18,29 3,20,25 4,18,23 17,20,27 10,17,25 4,25,26 13,16,26 
9,20,26 12,16,18 18,20,33 17,18,26 26,32,33 16,17,32 9,16,33 
4, 9,17 
STS(33)~3 
1, 2, 3 1, 5, 6 2, 4, 6 3, 4, 5 1, 4, 17 17,18,23 4, 15,20 
15,17,22 2,28,32 11,14,33 1,14,15 3,10,22 14,21,32 3,15,31 
4,28,31 3,17,33 3, 6,32 9,17,20 1, 9,32 3,13,24 6, 7,11 
10,17,30 10,11,27 5,17,29 13,17,25 15,23,28 4, 8,11 11,18,22 
4,12,22 6,20,31 9,13,26 6,18,27 10,14,31 15,24,26 14,26,28 
25,27,31 13,19,32 4,13,27 11,13,28 6,25,28 9,22,28 6,15,33 
4,10,33 15,18,30 2,20,22 2,11,30 5,22,26 16,22,25 14,16,27 
5, 9,27 9,30,31 6, 17, 19 14,20,23 18,32,33 5, 19,30 13, 14,30 
14,22,24 6,16,30 6,12,14 1,20,26 6,23,24 11,17,26 11,12,32 
2,17,24 8,17,32 9,10,12 6, 8,26 2,10,13 7,14,17 13,15,29 
5,12,31 26,31,32 6,13,22 21,22,31 5,13,16 16,17,31 3,11,29 
11,19,31 12,13,20 3,19,28 8, 9,15 5,15,21 2,19,25 5, 8,14 
5,25,33 12, 17,28 12,29,33 17,21,27 3,26,27 19,26,29 6, 10,21 
10,19,23 19,22,27 3, 12, 18 7, 15, 19 8, 19,24 8, 12,27 2, 8,31 
1,29,31 9,11,21 1,12,19 1,16,21 1, 8,23 7, 8,13 2, 5,23 
13,21,23 7,23,31 2, 18,26 l, 7, 18 12,23,26 2, 12,21 3, 7,21 
1,13,33 13,18,31 19,20,21 4,14,19 9,18,19 16,19,33 9,23,33 
4,21,30 3,23,30 4,23,25 5,10,18 11,16,23 21,25,26 1,11,24 
14,18,25 11,15,25 12,15,16 12,24,30 9,24,25 4,18,24 16,18,28 
21,24,29 4, 16,26 8, 18,21 3, 9, 14 2, 14,29 2, 9, 16 6, 9,29 
4, 7, 9 4,29,32 21,28,33 8,22,33 7, 12,25 1,27,28 1,10,25 
2,15,27 20,24,28 5,11,20 10,15,32 24,31,33 10,16,24 2, 7,33 
26,30,33 20,27,33 5, 7,28 18,20,29 5,24,32 7, 10,26 7,20,30 
8, 10,20 8,28,30 10,28,29 23,27,29 7,24,27 1,22,30 27,30,32 
22,23,32 7,22,29 25,29,30 8,16,29 3, 8,25 7,16,32 3,16,20 
20, 25, 32 
A.2. Identical twin STS(v)s  
For each system the base set V = {n : 1 ~< n~< v, n E Z}. An isomorphism between 
a system and its identical twin is the permutation I = (1)(2)(3)(4 4 + m)(5 5 + m) 
(6 6+m) . . . (v -  1 -m v -  1) (v-m v) where m = (v-3)/2.  
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The blocks are listed under three categories, (a) Q: the quadrilateral, (b) F: blocks 
fixed by the isomorphism I, (c) N: half of the remainder of the blocks of the design; 
the other half being obtained by applying I. Only one twin is given, its identical partner 
being obtained by replacing Q by the opposite quadrilateral Q. Set-theoretic brackets 
are omitted for brevity. 
STS(21) 
Q~ 
F:  
N:  
4, 5, 6 4,14,15 5,13,15 6,13,14 
1, 4,13 2, 5,14 3, 6,15 1, 2, 3 1, 7,16 1, 8,17 
2, 9,18 2,10,19 3,11,20 3,12,21 
1, 5,11 1, 6, 9 1,10,12 2, 7,21 6, 7, 8 12,13,18 
2, 6,17 7,17,20 6,11,18 8,19,20 8, 9,10 3, 7,18 
5,17,21 3,14,17 8,13,21 4, 8,18 7,12,15 9,11,12 
6,12,19 11,14,21 5, 9,19 11,15,19 5,16,18 14,16,19 
2, 4,11 4,16,20 10,13,16 3, 4,10 
STS(27)~1 
Q~ 
F:  
N: 
4, 5, 6 4,17,18 5,16,18 6,16,17 
l, 4,16 2, 5,17 3, 6,18 1, 2, 3 
2,10,22 2,11,23 2,12,24 3,13,25 
1, 5,13 1, 6,10 1,11,14 1,12,15 
10,18,23 11,12,18 2,13,21 5,12,14 
2, 8,26 9,13,20 4,19,25 4, 9,14 
2, 4,15 5,22,23 7,17,20 11,20,26 
4,20,22 15,16,20 13,23,27 11,19,27 
5,25,26 6, 13,26 6,20,25 6, 8, 15 
19,22,26 9,16,19 10,19,21 5, 9,11 
3, 8,12 
STS(27)~2 
Q and F: As STS(27)~1 
N:  
1, 7,19 1, 8,20 1, 9,21 
3, 14,26 3, 15,27 
5,15,24 3,17,19 3, 4,23 
7,18,24 10,12,13 13,15,22 
14, 16,24 16,23,25 2, 18, 19 
19,20,23 4, 10,24 5, 10,20 
14, 15, 19 9, 18,26 7, 12,25 
6, 9,27 10,15,26 9,15,17 
9, 12,23 12,20,21 3, 9,10 
1, 5,13 1, 6,10 1,11,14 1,12,15 8,18,25 
20,25,27 4 ,9, 13 6, 15,19 8,23,27 2, 16,27 
14,18,19 19,20,23 4, 7,14 4,21,23 11,19,27 
6, 8,22 13, 16,24 20,22,24 12, 16,20 4,20,26 
11,13,17 10,11,24 4,10,27 6,14,27 5,11,22 
9,15,25 15,21,24 3, 9,10 11,25,26 7,22,25 
9,24,26 12, 17,26 3, 19,24 7, 17,24 7, 9,20 
3, 5,20 
12, 13, 18 2, 6,21 
6, 9,23 6,11,12 
3, 4,11 7,10,16 
2, 8,26 2, 7,13 
17,22,27 5,26,27 
13,22,26 9, 14,22 
9,17,19 5, 8, 9 
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STS(27)g3 
Q and F: As STS(27)~tl 
N:  1,5,13 
15,22,25 
8,21,27 
11,12,21 
4, 12,25 
4, 7,20 
5,19,21 
18, 19,24 
1, 6,10 1,11,14 1,12,15 11,16,25 6,15,23 7,22,27 
9, 16,27 4, 9,10 5, 12,22 10,20,23 14, 15, 17 7, 8, 15 
17,23,27 10,14,16 19,22,23 3, 4,11 8,23,25 6, 8,13 
6,21,26 3, 8,10 10,12,26 13, 17,22 7, 16,26 15,24,26 
12, 16,20 2, 15, 16 13, 15, 18 6, 14,20 2, 6, 19 12, 18,23 
7, 13, 14 2, 9,25 14,21,25 12, 13, 19 2,20,26 5, 14,23 
9,11,19 5,20,24 5, 8, 9 6, 9,22 3, 9,12 3,17,19 
STS(27)~t4 
Q and F: As STS(27)gl 
N:  1, 5,13 
5, 15,24 
2,18,19 
18, 23, 27 
10, 16, 19 
8, 22, 26 
8,14,17 
2, 20, 25 
1, 6,10 1,11,14 1,12,15 11,12,20 7,12,23 10,17,23 
13,14,15 7,11,25 21,23,25 22,24,25 3, 7,24 2,21,26 
3,20,22 7,10,15 10,18,25 5, 10,27 3, 9, 17 2, 15, 16 
15,18,26 14,19,21 11,17,26 5, 7, 8 6, 8,21 11,16,27 
8,15,19 3, 4,11 10,11,21 4, 9,10 6,19,25 7,14,16 
10,24,26 4, 8,12 6, 9,24 8,11,18 6,12,26 15,20,21 
5, 9, 19 5, 12,25 13, 16,26 9, 15,25 4,21,24 8, 16,25 
STS(27)g5 
Q and F: As STS(27)~1 
N: I ,  5,13 
5,10,21 
3, 20, 22 
7,10,17 
4, 9,24 
4, 7,26 
2 ,6 ,9  
7, 9,16 
1, 6,10 1,11,14 1,12,15 3,11,19 3,16,24 3, 5, 9 
6, 12,23 12,20,26 17, 19,24 5,20,24 14, 15, 17 5, 14,25 
7,14,22 11,17,20 13,19,23 10,23,24 17,23,27 13,15,22 
4,23,25 9,12,25 15,24,25 15,18,23 9,20,23 9,11,26 
4,10,11 10,12,14 6,22,25 6,13,14 2,16,25 15,16,26 
12, 18, 19 9, 19,27 8, 9, 13 7, 13,20 2, 14,20 2, 15, 19 
9, 14, 18 7, 8, 18 4, 15,20 9,10,15 18,20,27 10,16,20 
STS(33)gl 
Q- 
F :  
4 ,5 ,6  
1, 4,19 
1, 10,25 
3, 17,32 
4,20,21 5, 19,21 6, 19,20 
2, 5,20 3, 6,21 1, 2, 3 1, 7,22 1, 8,23 1, 9,24 
2,11,26 2,12,27 2,13,28 2,14,29 3,15,30 3,16,31 
3,18,33 
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N: 1, 5,15 1, 6,11 1,12,16 
3, 9,28 8, 17, 19 8, 9, 13 
7,13,29 5,13,14 13,21,22 
8,24,25 11,16,32 5, 8,33 
3,11,25 4,14,25 22,23,25 
6, 9, 14 7, 15,24 9,20,33 
7, 14,23 7,26,30 4, 12,22 
3, 4,29 18, 19,28 2, 18,22 
17,29,30 8, 15, 16 13, 19,30 
2, 9,21 2, 16,23 6, 17, 18 
6,30,32 8, 14,30 19,31,33 
2,25,32 
1,13,17 1,14,18 4,10,31 3,22,27 
13,23,27 26,27,28 21,25,28 17,24,27 
13, 16,20 19,22,32 13, 15,25 6,22,31 
6, 12,25 5,10,12 7, 9,25 20,24,32 
10,11,20 19,23,26 14,24,33 4,24,26 
16,17,28 13,18,26 22,26,33 17,20,22 
12, 19,24 7,20,31 11,24,31 16,27,33 
11,14,27 12,15,20 3, 5,23 14,20,26 
6,15,26 6,23,33 8,26,32 2,15,19 
6, 8,27 9, 15,31 18,25,30 14,21,31 
15,18,27 10,18,32 27,29,32 5,29,31 
STS(33)~2 
Q and F: As STS(33)~1 
N: 1, 5,15 l, 6,11 1,12,16 
19,25,29 9,17,30 23,31,33 
14,17,22 2, 6,24 4,23,29 
2,19,32 14,21,23 3, 7,26 
15, 17,21 5, 9, 18 3,20,25 
20,23,26 8,26,28 17,25,26 
8,21,25 10,13,31 2,10,16 
8, 12,32 7, 17,24 6, 13,22 
16,26,33 9,10,19 10,22,29 
11,17,19 19,24,28 6,18,25 
27,28,30 14,15,20 16,24,27 
5,24,26 
1,13,17 1,14,18 6,12,17 3, 4,28 
16,19,23 5,17,31 3, 9,29 18,23,32 
18,19,30 14,31,32 6,14,16 10,20,27 
3,12,23 4,22,30 2, 7,18 2,15,23 
22,23,24 10,26,30 6, 15,27 7,23,30 
25,30,33 9,15,16 13,16,30 5,23,28 
10,17,28 19,22,31 7,20,31 17, 18,20 
12,22,26 7,10,12 20,22,28 9,23,25 
4,11,12 18,21,22 11,16,21 11,18,33 
13,21,24 12,19,33 13,14,33 12,14,28 
11,14,30 9,27,33 11,24,29 12,20,29 
STS(33)~3 
Q and F: As STS(33)~l 
N: 1, 5,15 1, 6,11 1, 12, 16 
10, 14,16 7, 10,18 2, 16,22 
5, 13, 14 3,24,27 3,25,26 
5,22,32 5,17,26 8,13,32 
15,20,25 10,15,28 11,13,27 
12, 18,30 9,26,33 15,24,29 
2, 4,30 9,17,21 11,16,30 
4,17,25 4,31,32 7,11,19 
21,24,30 7, 12,21 20,22,24 
1,13,17 1,14,18 13,21,22 4, 7,27 
14,15,22 3,22,28 14,21,27 25,27,28 
5,16,27 12,14,32 6,17,33 23,27,32 
6, 14,25 3, 4, 14 3,20,23 2, 9,32 
2, 6, 8 26,29,32 17,30,31 11,12,25 
14, 19,26 6, 10,31 2, 10,33 15, 17, 18 
12,15,23 6,26,30 19,28,30 10,17,22 
8,18,26 13,23,26 19,23,25 19,31,33 
5,24,25 18,20,27 9, 19,27 4,28,33 
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6,18,23 9,16,28 8, 9,25 6,13,16 9,11,22 
4, 9,23 8,14,20 22,23,30 9,13,29 14,23,31 
7, 16,23 
5, 18,28 16,20,26 
18,22,29 16,24,33 
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